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2.1.1 Performance Evaluation

The Evaluation of the performance of a computer consists of two parts (Fig-

ure 2.1):

� Performance Analysis

� and Performance Measurement

The Performance Analysis is similar to mathematical analysis. Here a model

theory is formulated to analyze the performance of the machine in order to

determine how to use the system e�ciently.

The Performance Measurement is an empirical process of gathering data in order

to measure the performance of a real hardware system. Often it is di�cult

to draw conclusions from one benchmark generated for a particular program

to another program. This means the benchmark is generally only valid for

the particular program. For other programs or other input parameters the

performance might look completely di�erent.

Evaluation

Performance Performance 
Analysis Measurement

(model theory) (empirical)

Performance 

Test

Program
optional

Input Time

Benchmarking:

Figure 2.1: Performance Evaluation

Performance Evaluation
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2.2 Performance Metrics

In mathematics a metric is a well de�ned term. Metrics allow us to measure

and order a quantity. In the theory of metrics a metric function d is de�ned on

a metric space X mapping its arguments to X . Let a; b 2 X, then

d(A;B) = d(B;A) (2.1)

d(A+ B) <= d(A) + d(B) (2.2)

Unfortunately, we cannot apply the same rules to performance metrics, since

mathematical inferences are not consistent. In addition, not all mathematical

operators are applicable. A benchmark for a problem size of n elements might

not be suited for problem sizes of n�1 or n+1. In practise this can be observed

especially when dealing with powers of two due to hardware properties or with

powers of ten due to software properties.

To develop a meaningful metric for benchmarking we should at least guarantee

the following properties:

1. Reproducibility

2. Accuracy

3. Detailed

To achieve this goal most benchmarks are run in in stand-alone conditions not

including problems occurring while using time sharing mode.

The Time is certainly the best measure because it ful�lls all requirements men-

tioned above. All other measures are more or less inaccurate. The reader should

note that it is also important to know in which context the time is taken. It is

certainly unfair to claim that one machine is faster than the other, when one

machine a highly optimized machine code is executed and on the other a not

optimized Pascal code.

Often one �nds the common view that a CPU determines the speed of a com-

putation. This is very often not the case since for example IO slows down the

computation a lot. A system can only be as fast as it is hindered by its slowest

component (bottleneck).
2.2. PERFORMANCE METRICS
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SPECint92 = geometric average of the 6 SPEC ratios from CINT92

SPECfp92 = geometric average of the 14 SPEC ratios from CFP92

SPECint92 can be used to estimate a machine's single-tasking performance on

integer code while SPECfp 92 can be used to estimate a machine's single-tasking

performance on oating-point code.

Throughput Measurement

With this measurement method, called the \homogeneous capacity method",

several copies of a given benchmark are executed. This method is particularly

suitable for multiprocessor systems. The results, called SPEC rate tell how

many jobs of a particular type can be run in a given time which is in this case

a week. As before the execution times are normalized with respect to a VAX

11/780. Therefore, the SPEC rates characterize the capacity of a system for

compute-intensive jobs of similar characteristics.

Similar to the speed metric, the following average values are de�ned:

SPECrate int92 = geometric average of the 6 SPEC rates from

CINT92

SPECrate fp92 = geometric average of the 14 SPEC rates from

CFP92

The integer SPECrate can be used to estimate a machine's overall multi-tasking

throughput for integer code, while the Floating-Point SPECrate can be used to

estimate a machine's overall multi-tasking throughput for oating-point code.

As an example, the Table 2.1 and the Figure 2.2 show some oating point and

integer SPEC marks published recently for di�erent workstations.

2.4.3 Parallel Benchmarks

So far we introduced classical sequential benchmarks. These benchmarks are

important for evaluating the performance of a single processing node which

might be used in an MIMD machine. In order to evaluate other hardware

properties like the communication network not only the arithmetic speed is

measured but also the communication speed.

Parallel Benchmarks
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Figure 2.2: SPEC marks for di�erent sequential computers and workstations

One of the most popular communication benchmarks is the so called ping-pong

measure, the basic communication speed in an MIMD machine while sending a

message from one processor to the other and back.

Other benchmarks might be useful to determine the total saturation bandwidth

and the communication bottleneck as described in [46].

Beside this benchmarks for parallel computers the arithmetic benchmarks as

given by Linpackd, NAS benchmark, and other benchmarks from Livermore

National are often used.

The aim for a parallel benchmark suite is to provide benchmarks to evaluate

performance on a wide range of levels from simple machine parameters to com-

plex applications. In the applications memory , communications, IO and other

bottlenecks might become important.

Parallel Benchmarks
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Hypercube

Fattree
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Figure 2.4: Di�erent interconnection networks

Some Machines

Chapter 3

Taxonomy of Computers

3.1 Flynn's Classi�cation

One common way to classify parallel computers is to use the taxonomy proposed

by Flynn [30]. It is based on the observation that each computer whether

parallel or sequential executes a stream of instructions on a stream of data. An

instruction stream is a sequence of instructions as executed by the machine.

A data stream is a sequence of data including input and output, partial or

temporary results. The data and instruction stream can be single or multiple

so that four classes are distinguished as shown in Figure 3.1.

SIMD MIMD

SISD MISD

Instruction

D
at

a

single multiple

si
ng

le
m

ul
ti

pl
e

Figure 3.1: Classi�cation by Flynn

Figures 3.3-3.6 show the relation of data and instruction streams to the processor

of Flynn's taxonomy.

22
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Examples for SIMD machines are architectures in which homogeneous processes

execute the same instruction synchronously on their own data such as the CM-2

or the Maspar and architectures in which each operation may be executed on

vectors of �xed or varying length. Examples for MIMD machines are the nCube

and the iPSC delta. Sequential computers are SISD.

3.2 Parallel Random Access Machine

One of the most famous theoretical models for parallel computation is the Par-

allel Random Access Machine (PRAM). The model has an arbitrary, but �nite,

number of processors and an arbitrarily large shared memory which can accessed

by the processors in random access mode. The processors are synchronized but

can execute di�erent instructions at a time. Shared memory computers can

be divided into subclasses according to whether access to the memory is done

concurrent or exclusive [7] as shown in Figure 3.2.

E
xc

lu
si

ve
C

on
cu

rr
en

t

Exclusive Concurrent

R
ea

d

Write

EREW

CREW CRCW

ERCW

Figure 3.2: Shared Memory SIMD Computers

EREW read and write on a memory location can be done only exclusively.

(that means only one processor has access to the particular memory loca-

tion)

CREW read can be performed concurrently

CRCW reads and writes can be performed concurrently. since processors can

write in the same memory location at the same time a strategy has to be

de�ned to do the writing. A simple one would be a random selection of

the processor writing. Other writes at the same time step will be ignored.

3.2. PARALLEL RANDOM ACCESS MACHINE
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3.3 SPMD

In many cases only a single program runs on the di�erent processors of a parallel

computer. This is abbreviated with SPMD or Single Program Multiple Data.

We view SPMD either an extension of SIMD or a restriction to MIMD.

Other classi�cation scheemes can be found in [28, 29, 37, 40, 41, 42, 45].

3.3. SPMD
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Figure 3.3: SISD
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Figure 3.4: SIMD
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Figure 3.5: MISD
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Chapter 4

Memory Access

To write e�cient algorithms (not only for multiprocessor computers but also

for sequential machines), it is necessary to review the concept of a memory

hierarchy.

Normally, the computation done in a central processing unit (CPU) is much

faster than the time necessary to move the required data from the memory

to the registers of the CPU. The process of moving the data is called fetching

and the time required for transferring data from a part of the memory to the

CPU is called memory access time. In order to use the processor e�ciently it is

important to keep the memory access time as small as possible. Unfortunately, it

is too expensive to build very fast memories with su�cient capacity for scienti�c

applications requiring huge amounts of data. Therefore, a memory hierarchy is

used to decrease the cost of the memory system while retaining e�cient memory

access times. Figure 4.1 shows a typical memory hierarchy. The closer the

memory level is to the registers of the processor the faster is the access.

For example, to use data stored in the external memory it has to pass through

all levels of the memory hierarchy. Often, access time can be decreased if the

usage of speci�c data can be predicted, so that data is transferred into a faster

part of the hierarchy before it is actually referenced.

One simple way to evaluate if a program can make use of the hierarchy in an

e�cient way is to keep the ratio of operations to data movement as large as

possible. This ratio is important to achieve high performance when exploiting
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Register

Cache

RAM

External Memory

faster
access

larger
capacity

Figure 4.1: Typical memory hierarchy in a computer

concurrency.

For example, the following statement inside a loop performing matrix multipli-

cation,

cij  cij + aik � bkj

requires three memory accesses to obtain the data cij ; aik; bkj, and one to store

the result in cij . Addition and multiplication count as one oating point op-

eration each. The ratio of oating point operations to memory access time is

r = 1
2 .

A simple programming trick to improve this ratio is to �gure out how data is

stored in the memory. One has to know that most memory organizations use

speci�c strategies to reduce the memory access time. A common rule on many

machines is to fetch a block of data instead of only one datum at a time. The

distance between elements in the memory is called stride.

Therefore, it is best to formulate the algorithms in such a way that data elements

used in consecutive computation steps are stored in contiguous addresses of the

memory. Hence they are fetched in a block requiring fewer memory accesses.

Figure 4.2 shows how data (a matrix) is stored in a memory using the Fortran

programming language. Having this in mind it is obvious why Fortran is called

a column oriented programming language.
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Figure 5.5: Example of the parallel odd even transposition algorithm

Radix Sort
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FOR j  1 TO 1 + b log2 maxint c DO

FORALL k 2 f1; :::; Pg DO

WHERE (xk mod 2j) = 0 DO

use a stable sort array A on digit k

END WHERE

END FORALL

END FOR
Figure 5.6: A data parallel radix sort algorithm

5.3 Message Passing Programming

5.3.1 Message Passing Sort

The message passing sorting algorithm is dependent on the topology assumed

on the processing elements. To be most general only a bidirectional array is

assumed as topology for the sorting process. It is important that the sorting

process includes only a subset of the computational units so that the other

processors might work independently on another task. This enables one to use

a parallel machine for example for more than one independent sorting processes

as used in the parallel bisection algorithm.

The parallel sorting algorithm itself uses the sequential quicksort in its initial

step. Since the quicksort algorithm is outlined earlier the parallel merge sort

algorithm is described next.

Parallel Mergesort Algorithm

The parallel sorting algorithm is based on the technique described in [6, 7] under

Merge-Splitting Sort. This algorithm is based on the Odd-Even Transposition

Sort but takes into account that not every element can be stored on a separate

processor. This is a very realistic restriction since MIMD machines are build

only with a medium number of processing elements.

The example shown in Figure 5.9 illustrates the parallel mergesort algorithm.

On the four processors 16 data items are generated in random order. These data

items are sorted with the sequential sorting algorithm. The result is shown in

5.3. MESSAGE PASSING PROGRAMMING
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1 2 21 79 26 53 5953 0 31 51 97 5 35 51 76

1 2 21 7926 53 5953 0 31 51 975 35 51 76

1 2 21 7926 53 59530 31 51 975 35 51 76

1 2 21 7926 53 59530 31 51 975 35 51 76

1 2 21 79 26 53 5953 0 31 51 97 5 35 51 76

1 2 21 7926 53 5953 0 31 51 975 35 51 76

1 2 21 7926 53 59530 31 51 975 35 51 76

1 2 21 7926 53 59530 31 51 975 35 51 76

Processor 0 Processor 1 Processor 2 Processor 3

Figure 5.9: Example of the parallel sorting algorithm on 4 processors and 16

data items

smaller elements and on each even the bigger ones are collected.

These two steps are repeated p=2 times in order to guaranty the correctness of

the sorting algorithm, where p speci�es the number of processors.

Complexity Analysis The sorting of n numbers with the sequential quicksort

algorithm in each processor is done in O(n
p
log n
p
) steps. Transferring the data

elements from one processor is done in O(n
p
) steps. A mergesort of two lists

requires at most 2n
p

steps. Thus, the two steps are computed O(n
p
) time steps.

Since they are repeated p=2 times, the total running time is

t(n; p) = O
�

n
p
log
n

p
�

+O(n)

In contrast to [6, 7] the following mergesort algorithms are used in the hope to

improve the average running time for the mergesort algorithm with the factor

2. The worst case complexity analysis maintains unchanged.

The procedure mergehigh mergesorts two lists from the highest to the lowest

element till the new list has half the elements from both of the lists.

The procedure mergelow mergesorts two lists from the lowest to the highest till

the new list has half the elements from both of the lists.

The Figure 5.10 shows the parallel mergesort algorithm in pseudo code.

Message Passing Sort
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SendRecv (Destination)

send the own items to destination and receive the neighbor items

PROCEDURE mergesort-parallel

FOR (t=0; t< ProcessorsInArray; t++)

IF (even(t)) THEN

IF (even(me)) THEN

SendRecv(right);

mergelow(dimension);

ELSE IF (odd(me)) THEN

SendRecv(left);

mergehigh(dimension);

ENDIF

ELSE
IF ((me = FirstProcessor) or (me = LastProcessor)) THEN

no msg exchange

ELSE
IF (even(me)) THEN

SendRecv(left);

mergehigh(dimension);

ELSE IF (odd(me)) THEN

SendRecv(right);

mergelow(dimension);

ENDIF

ENDIF

ENDIF

END FOR

END PROCEDURE

Figure 5.10: The parallel mergesort algorithm

Message Passing Sort
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P
T
E
R
6
.
P
E
R
F
O
R
M
A
N
C
E
T
A
X
O
N
O
M
Y
A
N
D
A
N
A
L
Y
S
IS

4
8

6
.3

O
v
e
r
h
e
a
d

D
i�
eren
t
ca
u
ses
fo
r
th
e
red
u
ctio
n
o
f
th
e
sp
eed
-u
p
a
n
d
e�
cien
cy
o
f
a
p
a
ra
llel

p
ro
g
ra
m
ex
ist.
T
h
o
se
ca
u
ses
in
clu
d
e

�
A
lg
o
rith
m
ic
O
v
erh
ea
d
,

�
S
o
ftw
a
re
O
v
erh
ea
d
,

�
L
o
a
d
B
a
la
n
cin
g
,

�
C
o
m
m
u
n
ica
tio
n
O
v
erh
ea
d
,

�
a
n
d
E
x
tern
a
l
C
o
m
m
u
n
ica
tio
n
O
v
erh
ea
d
.

6
.3
.1

A
lg
o
r
ith
m
ic
O
v
e
r
h
e
a
d

W
h
ile
d
eterm
in
in
g
th
e
e�
cien
cy
o
n
e
co
m
p
a
res
a
seq
u
en
tia
l
a
n
d
a
p
a
ra
llel
a
lg
o
-

rith
m

so
lv
in
g
th
e
sa
m
e
p
ro
b
lem
.
S
o
m
etim
es
th
e
p
a
ra
llel
a
lg
o
rith
m

is
d
i�
cu
lt

to
�
n
d
.
In
ca
se
a
p
a
ra
llel
e�
cien
t
a
lg
o
rith
m

is
n
o
n
ex
istin
g
o
r
ca
n
n
o
t
b
e
u
sed

a
n
A
lg
o
r
ith
m

ic
O
v
e
r
h
e
a
d

ex
ists.

6
.3
.2

S
o
ftw
a
r
e
O
v
e
r
h
e
a
d

W
h
ile
d
eco
m
p
o
sin
g
a
n
a
lg
o
rith
m
it
m
ig
h
t
b
e
n
ecessa
ry
to
in
tro
d
u
ce
a
m
o
re
co
m
-

p
lex
a
lg
o
rith
m
.
T
h
is
is
o
ften
th
e
ca
se
w
h
ile
p
a
ra
llelizin
g
seq
u
en
tia
l
a
lg
o
rith
m
s

o
n
M
IM
D
m
a
ch
in
es.
T
h
e
p
ro
g
ra
m
s
b
eco
m
e
m
o
re
co
m
p
lex
in
o
rd
er
to
en
su
re

d
a
ta
co
n
sisten
cy
a
n
d
co
m
p
u
ta
tio
n
a
l
co
rrectn
ess.
T
h
e
ov
erh
ea
d
in
tro
d
u
ced
b
y

ex
p
a
n
d
in
g
th
e
seq
u
en
tia
l
p
ro
g
ra
m
is
ca
lled
S
o
ftw
a
r
e

O
v
e
r
h
e
a
d
.

6
.3
.3

L
o
a
d
B
a
la
n
c
in
g

O
n
e
o
f
th
e
m
o
st
d
iscu
ssed
issu
es
in
p
a
ra
llel
co
m
p
u
tin
g
is
th
e
lo
a
d
b
a
la
n
cin
g
.

In
o
rd
er
to
a
ch
iev
e
a
h
ig
h
e�
cien
cy
it
is
o
b
v
io
u
s
th
a
t
th
e
co
m
p
u
ta
tio
n
a
l
lo
a
d

b
etw
een
th
e
p
ro
cesso
rs
sh
o
u
ld
b
e
d
istrib
u
ted
ev
en
ly.

A
p
ro
b
lem
is
lo
a
d
b
a
la
n
ced
a
m
o
n
g
P
p
ro
cesso
rs
if
th
e
w
o
rk
is
ev
en
ly
d
istrib
u
ted

a
m
o
n
g
th
e
ava
ila
b
le
p
ro
cesso
rs
a
n
d
th
e
co
m
p
u
ta
tio
n
is
ex
ecu
ted
a
t
th
e
sa
m
e

tim
e.

6
.3
.
O
V
E
R
H
E
A
D



T
e
c
h
n
ic
a
l
R
e
p
o
r
t
:

S
C
C
S
5
7
7 C
H
A
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T
E
R
6
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P
E
R
F
O
R
M
A
N
C
E
T
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X
O
N
O
M
Y
A
N
D
A
N
A
L
Y
S
IS

4
9

T
h
e
term
s
m
a
p
p
in
g
a
n
d
sch
ed
u
lin
g
a
re
tig
h
tly
co
n
n
ected
to
lo
a
d
b
a
la
n
ce.
W
e

d
e�
n
e
th
ese
term
s
a
s
fo
llow
s:
T
h
e
a
llo
ca
tio
n
o
f
p
ro
cesses
to
a
p
ro
cesso
r
is
ca
lled

m

a
p
p
i
n
g.
T
h
e
a
llo
ca
tio
n
o
f
w
o
rk
to
p
ro
cesso
rs
is
ca
lled
s
c
h
e
d
u
lin
g.

6
.3
.4

C
o
m
m
u
n
ic
a
tio
n
O
v
e
r
h
e
a
d

C
o
m
m
u
n
ica
tio
n
b
etw
een
p
ro
cesso
rs
co
st
tim
e.
T
h
is
co
m
m
u
n
ica
tio
n
is
n
ecessa
ry

in
m
a
n
y
a
lg
o
rith
m
s
to
d
istrib
u
te
th
e
d
a
ta
a
n
d
to
in
fo
rm
o
th
er
p
ro
cesso
rs
a
b
o
u
t

d
a
ta
n
ecessa
ry
fo
r
th
eir
co
m
p
u
ta
tio
n
.
T
h
is
ov
erh
ea
d
ca
u
sed
b
y
in
terp
ro
cesso
r

co
m
m
u
n
ica
tio
n
is
ca
lled
C
o
m

m

u
n
i
c
a
t
i
o
n

O
v
e
r
h
e
a
d
.

6
.3
.5

E
x
te
r
n
a
l
C
o
m
m
u
n
ic
a
tio
n
O
v
e
r
h
e
a
d

A
v
ery
im
p
o
rta
n
t
issu
e
is
th
e
q
u
estio
n
w
h
ere
th
e
d
a
ta
is
o
b
ta
in
ed
o
n
w
h
ich
th
e

ca
lcu
la
tio
n
is
p
erfo
rm
ed
.
M
o
st
p
a
ra
llel
p
ro
g
ra
m
s
req
u
ire
ex
tern
a
l
d
a
ta
.
T
h
ese

a
re
fo
r
ex
a
m
p
le
I/
O
o
p
era
tio
n
s
to
a
n
d
fro
m
d
isk
s
a
n
d
ex
tern
a
l
d
ev
ices
su
ch
a
s

m
o
n
ito
rs.
O
ften
th
is
d
ev
ices
a
re
sh
a
red
a
n
d
a
n
ov
erh
ea
d
is
ca
u
sed
.
T
h
erefo
re,
a

co
n
sid
era
b
le
a
m
o
u
n
t
o
f
resea
rch
is
d
o
n
e
in
p
a
ra
llel
I/
O
th
ese
d
ay
s.
T
h
e
ov
erh
ea
d

is
ca
lled
E
x
t
e
r
n
a
l
C
o
m

m

u
n
i
c
a
t
i
o
n

O
v
e
r
h
e
a
d
.

6
.4

C
o
m
p
u
ta
tio
n
a
n
d
C
o
m
m
u
n
ic
a
tio
n
T
im
e

T
h
e
to
ta
l
tim
e
sp
en
d
to
so
lv
e
a
p
ro
b
lem

o
n
a
p
a
ra
llel
m
a
ch
in
e
ca
n
b
e
co
n
v
e-

n
ien
tly
d
iv
id
ed
in
to
th
e
co
m
p
u
ta
tio
n
a
n
d
ca
lcu
la
tio
n
tim
e.
T
h
is
h
a
s
fo
r
ex
a
m
p
le

a
lso
th
e
a
d
va
n
ta
g
e
th
a
t
o
n
ca
n
co
m
p
a
re
th
e
co
m
p
u
ta
tio
n
tim
e
o
f
a
seq
u
en
tia
l

a
lg
o
rith
m

w
ith
th
e
co
m
p
u
ta
tio
n
tim
e
o
f
th
e
p
a
ra
llel
a
lg
o
rith
m
.
T
h
e
co
m
m
u
n
i-

ca
tio
n
tim
e
ca
n
b
e
v
iew
ed
a
s
ov
erh
ea
d
n
ecessa
ry
to
p
erfo
rm
th
e
ca
lcu
la
tio
n
o
n

th
e
p
a
ra
llel
m
a
ch
in
e.
W
e
u
se
th
e
a
b
b
rev
ia
tio
n
s
t
c
o
m

a
n
d
t
c
a
lc .

T
h
erefo
re,
w
e
d
e�
n
e

t
c
a
lc

=
ty
p
ica
l
tim
e
to
p
erfo
rm
a
g
en
eric
ca
lcu
la
tio
n

t
c
o
m

=
ty
p
ica
l
tim
e
ta
k
en
to
co
m
m
u
n
ica
te
a
w
o
rd
b
etw
een
tw
o
p
ro
cesso
rs

t
e
x
t

=
tim
e
to
co
m
m
u
n
ica
te
a
w
o
rd
to
sen
d
fro
m

ea
ch
p
ro
cesso
r
o
n
e
w
o
rd
to

a
n
ex
tern
a
l
d
ev
ice

C
o
m
m
u
n
ica
tio
n
O
v
erh
ea
d

T
e
c
h
n
ic
a
l
R
e
p
o
r
t
:

S
C
C
S

5
7
7 C
H
A
P
T
E
R
6
.
P
E
R
F
O
R
M
A
N
C
E
T
A
X
O
N
O
M
Y
A
N
D
A
N
A
L
Y
S
IS

5
0

In
co
n
ju
n
ctio
n
to
t
c
o
m

o
n
e
�
n
d
s
in
litera
tu
re
o
ften
th
e
term

la
ten
cy.
L
a
te
n
c
y

sp
eci�
es
th
e
tim
e
ta
k
en
to
serv
ice
a
req
u
est
w
h
ich
is
in
d
ep
en
d
en
t
o
f
th
e
size

o
r
n
a
tu
re
o
f
th
e
o
p
era
tio
n
.
T
h
e
la
ten
cy
o
f
a
m
essa
g
e
p
a
ssin
g
sy
stem

is
th
e

m
in
im
u
m
tim
e
to
d
eliv
er
a
m
essa
g
e.

F
u
rth
erm
o
re,
w
e
d
e�
n
e
th
e
to
ta
l
co
m
m
u
n
ica
tio
n
a
n
d
co
m
p
u
ta
tio
n
tim
e

T
c
a
lc
=

su
m
o
f
a
ll
g
en
eric
ca
lcu
la
tio
n
tim
es

=
a
(n
)t
c
a
lc

(6
.8
)

T
c
o
m
m

=

su
m
o
f
a
ll
co
m
m
u
n
ica
tio
n
tim
es
in
a
p
ro
g
ra
m

=
b(n
)t
c
o
m

(6
.9
)

L
et
F
C

d
en
o
te
th
e
fra
ctio
n
a
l
co
m
m
u
n
ica
tio
n
ov
erh
ea
d

F
C

=
T
c
o
m
m

T
c
a
lc

=
a
(n
)

b(n
)

t
c
o
m

t
c
a
lc

=
c(n
)
t
c
o
m

t
c
a
lc

(6
.1
0
)

1�
�
1
=
F
C

T
h
e
fra
ctio
n
a
l
co
m
m
u
n
ica
tio
n
ov
erh
ea
d
is
o
n
ly
d
ep
en
d
en
t
o
n
th
e
g
ra
in
size

n
.
T
h
erefo
re,
F
C

is
in
d
ep
en
d
en
t
o
f
th
e
n
u
m
b
er
o
f
p
ro
cesso
rs.
S
im
ila
r
to
th
e

fra
ctio
n
a
l
co
m
m
u
n
ica
tio
n
ov
erh
ea
d
o
n
e
ca
n
d
e�
n
e
th
e
fra
ctio
n
a
l
ex
tern
a
l
I/
O

ov
erh
ea
d
.

F
E

=
d
(n
)
t
e
x
t

t
c
a
lc

(6
.1
1
)

F
o
r
th
e
h
y
p
ercu
b
e
d
esig
n
ed
a
t
C
a
ltech
[3
1
]
T
io
=
P
t
c
o
m

so
th
a
t
F
E

a
n
d
F
C

d
i�
er
o
n
ly
in
a
fra
ctio
n
a
l
co
n
sta
n
t.

F
�

1
E

a
n
d
F
�

1
C

ca
n
b
e
in
terp
reted
a
s
th
e
av
era
g
e
n
u
m
b
er
o
f
ca
lcu
la
tio
n
s
p
er-

fo
rm
ed
p
er
co
m
m
u
n
ica
ted
w
o
rd
v
ia
in
tern
a
l
o
r
ex
tern
a
l
ch
a
n
n
els.
T
h
erefo
re,
it

is
im
p
o
rta
n
t

to
d
o
a
su
b
sta
n
tia
l
a
m
o
u
n
t
o
f
ca
lcu
la
tio
n
in
ra
tio
to
th
e
tim
e
sp
en
d

fo
r
th
e
ca
lcu
la
tio
n
to
b
e
e�
cien
t.

F
o
r
so
m
e
a
p
p
lica
tio
n
s
th
e
p
ro
b
lem

o
ccu
rs
th
a
t
w
h
ile
a
d
d
in
g
m
o
re
p
ro
cesso
rs

6
.4
.
C
O
M
P
U
T
A
T
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N
A
N
D
C
O
M
M
U
N
IC
A
T
IO
N
T
IM
E



T
e
c
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R
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P
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5
1

to
so
lv
e
a
�
x
ed
p
ro
b
lem

th
e
co
m
p
u
ta
tio
n
tim
e
in
crea
ses.
T
h
e
p
o
in
t
w
h
ere
th
is

o
ccu
rs
�
rst
is
ca
lled
p
a
r
a
lle
l
b
a
la
n
c
e

p
o
i
n
t.
A
n
ex
a
m
p
le
fo
r
a
b
a
la
n
ce
p
o
in
t
ca
n

b
e
fo
u
n
d
in
th
e
p
a
ra
llel
L
U
fa
cto
riza
tio
n
a
lg
o
rith
m

sh
ow
n
in
[7
8
,
7
9
].
In
th
is

ex
a
m
p
le
th
e
p
erfo
rm
a
n
ce
d
eg
ra
d
es
b
eca
u
se
o
f
th
e
in
crea
sin
g
lo
a
d
im
b
a
la
n
ce
a
n
d

co
m
m
u
n
ica
tio
n
ov
erh
ea
d
.

6
.5

M
e
s
s
a
g
e
P
a
s
s
in
g
E
n
v
ir
o
n
m
e
n
ts

T
h
e
co
m
m
u
n
ica
tio
n
b
etw
een
d
i�
eren
t
p
ro
cessin
g
elem
en
ts
is
n
ecessa
ry
to
co
o
r-

d
in
a
te
th
e
ca
lcu
la
tio
n
o
n
d
a
ta
d
istrib
u
ted
ov
er
th
e
d
i�
eren
t
p
ro
cesso
rs.

T
h
ere
a
re
m
a
n
y
m
essa
g
e
p
a
ssin
g
en
v
iro
n
m
en
ts
ava
ila
b
le
fo
r
th
e
d
i�
eren
t
p
a
ra
llel

co
m
p
u
ters.
S
o
m
e
o
f
th
e
m
o
st
co
m
m
o
n
a
n
d
w
ell
k
n
ow
n
a
re
C
M
M
D
,
iP
S
C
-N
X
2
,

P
IC
L
,
P
4
,
P
V
M
,
E
x
p
ress
[4
,
3
3
,
1
9
,
1
5
].
T
h
ese
en
v
iro
n
m
en
ts
co
n
sist
o
f
a
set

o
f
fu
n
ctio
n
s
w
h
ich
en
a
b
le
to
w
rite
p
ro
g
ra
m
s
u
sin
g
m
essa
g
e
p
a
ssin
g
b
etw
een

p
ro
cessin
g
n
o
d
es.
W
h
ile
so
m
e
o
f
th
e
lib
ra
ries
a
re
o
n
ly
ava
ila
b
le
fo
r
a
p
a
rticu
la
r

m
a
ch
in
e
o
th
ers
a
re
su
p
p
o
rted
o
n
a
va
riety
o
f
m
a
ch
in
es.
T
h
e
o
n
es
esp
ecia
lly

d
esig
n
ed
fo
r
a
p
a
rticu
la
r
m
a
ch
in
e
h
av
e
o
ften
b
etter
p
erfo
rm
a
n
ce
th
en
th
o
se

im
p
lem
en
ted
o
n
m
a
n
y
m
a
ch
in
es.
N
ev
erth
eless
th
e
ov
erh
ea
d
is
sm
a
ll
in
m
o
st

ca
ses.

A
ll
o
f
th
em

sh
a
re
co
m
m
o
n
ch
a
ra
cteristics.

B
esid
e
th
is
b
a
sic
ch
a
ra
cteristics

th
ey
m
ig
h
t
in
clu
d
e
co
n
sid
era
b
le
ex
ten
sio
n
s.
A
n
ex
a
m
p
le
fo
r
a
m
o
re
p
ow
erfu
l

en
v
iro
n
m
en
t
is
E
x
p
ress
su
p
p
o
rtin
g
ev
en
g
ra
p
h
ics
ca
p
a
b
ilities.

R
ecen
tly,
th
e
p
a
cka
g
es
P
V
M

a
n
d
P
4
a
re
u
sed
o
n
m
a
n
y
m
a
ch
in
es.
D
u
e
to
its

d
istrib
u
tio
n
P
V
M

m
ig
h
t
w
ell
b
eco
m
e
a
d
efa
cto
sta
n
d
a
rd
fo
r
resea
rch
a
n
d
in
-

d
u
stry.
In
a
d
d
itio
n
to
th
e
ava
ila
b
le
p
a
cka
g
es
th
ere
ex
ists
th
e
d
esire
to
d
ev
elo
p

a
n
u
n
ifo
rm
m
essa
g
e
p
a
ssin
g
in
terfa
ce
sy
stem
(M
P
I).
A
p
ro
m
isin
g
step
in
to
th
is

d
irectio
n
m
ig
h
t
b
e
a
lib
ra
ry
co
m
b
in
in
g
P
V
M

a
n
P
4
.
T
h
is
lib
ra
ry
is
k
n
ow
u
n
d
er

th
e
n
a
m
e
C
h
a
m

e
le
o
n

[6
9
].
S
in
ce
P
4
is
su
p
p
o
rted
cu
rren
tly
o
n
m
o
re
m
a
ch
in
es

it
m
ig
h
t
b
e
a
w
ay
to
u
se
th
is
p
a
cka
g
e
fo
r
d
ev
elo
p
in
g
a
lg
o
rith
m
s
fo
r
th
e
w
id
est

ra
n
g
e
o
f
m
a
ssiv
ely
p
a
ra
llel
co
m
p
u
ters
b
u
t
a
lso
h
etero
g
en
eo
u
s
n
etw
o
rk
s
o
f
w
o
rk
-

sta
tio
n
s.

W
e
feel
th
a
t
a
sta
n
d
a
rd
iza
tio
n
o
f
th
e
in
terfa
ce
ov
er
m
a
n
y
p
la
tfo
rm
s
w
ill
h
elp
to

m
a
k
e
p
a
ra
llel
p
ro
g
ra
m
m
in
g
m
o
re
tra
n
sp
a
ren
t
a
n
d
less
erro
r
p
ro
n
e.

A
ll
lib
ra
ries
u
se
th
e
m
o
d
el
o
f
a
v
irtu
a
l
co
n
cu
rren
t
p
ro
cesso
r.
T
h
ey
a
re
a
co
l-

6
.5
.
M
E
S
S
A
G
E
P
A
S
S
IN
G
E
N
V
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O
N
M
E
N
T
S

T
e
c
h
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a
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R
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r
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Chapter 7

Applications

7.1 Numerical Integration

The integration of a continuous function is an embarrassingly parallel problem.

Therefore, it can be easily implemented in both a message passing and a data

parallel program. To determine the integral

Z b
a

f (x)dx

the interval inbetween a and b can be divided into equally large parts.

For each part a representant of the function has to be found. This representant

is than multiplied by the size of the subinterval. Adding up all those areas in the

interval between a and b results to an numerical approximation of the function.

Increasing the number of subintervals inbetween a and b increases the accuracy

of the computation.

A sequential algorithm can be formulated as follows:
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a b

f

x

f(x)

Figure 7.1: Integration of a function

n = number of subintervals.

� x = (b � a) = n

sum = 0.0

x = a

while (x < b)

y = f (x)

sum = sum + y

x  x + � x

end

Since the single computational steps are independent from each other the algo-

rithm can be easily parallelized:

7.1. NUMERICAL INTEGRATION
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n = number of subintervals.

� x = (b � a) = n

forall i 2 1; :::; n do in parallel

xi = � x � i

yi = f (xi)

end

forall i 2 1; :::; n do

sum = sum + yi

end

The algorithm consists of two parts. The �rst part computes the function value

for each subinterval and the second part computes the sum.

7.1.1 Dataparallel Program

On the connection machine exists an e�cient implementation of the sum oper-

ation. It is called SUM and sums up all the values of a vector distributed over

di�erent processing elements.

n = number of subintervals.

� x = (b � a) = n

forall i 2 1; :::; n

xi = � x � i

yi = f (xi)

end

sum = SUM (y:1:n)

7.1.2 Message Passing Program

The message passing program is slightly more complicated since on each pro-

cessor are assumed to be more than one data item. Let p denote the number

of processors and n/p are the number of integration points mapped on one

processor, than the algorithm for the integration looks like:

Dataparallel Program

Technical Report:
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p = number of total processors

id = identification number of own processor

n = number of subintervals.

� x = (b � a) = n

forall i 2 1; :::; n

xi = � x � i + id n
p

sum = sum + f (xi)

end

sum = GlobalSum (sum)

a b

f

x

f(x)

Processor

1 2 3 4 n

.....

Figure 7.2: Integration of a function

Determining the GlobalSum of elements (see section ??) is done in O(logn)

time on a variety of architectures including the CM5 and the Hypercube by

using a tree structure for the summation process.

Message Passing Program
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lcu
la
tio
n
s
b
etw
een
ea
ch
p
a
rticle
in
th
is
p
ro
cesso
r
a
re
ca
lcu
la
ted
.
N
ow
th
e

p
a
rticles
o
f
th
e
seco
n
d
list
a
re
sen
d
to
th
e
n
eig
h
b
o
rin
g
p
ro
cesso
r
in
left
d
irectio
n
.

T
h
is
step
is
rep
ea
ted
m
�
1
tim
es.

L
o
o
k
in
g
a
t
th
e
ov
erh
ea
d
:

f
�
1m
t
s
e
n
d
r
e
c
e
iv
e

t
f

o
n
e
ca
n
clea
rly
see
th
a
t
th
e
a
lg
o
rith
m

w
ill
p
erfo
rm

e�
cien
tly
a
s
lo
n
g
a
s
th
e

n
u
m
b
er
o
f
p
a
rticles
sto
red
in
o
n
e
p
ro
cesso
r
a
re
la
rg
e
en
o
u
g
h
.

O
p
tim
iz
a
tio
n

In
ca
se
w
e
k
n
ow
so
m
e
p
ro
p
erties
o
f
th
e
fu
n
ctio
n
to
b
e
ca
lcu
la
ted
th
e
p
erfo
rm
a
n
ce

o
f
th
e
a
lg
o
rith
m

ca
n
b
e
im
p
rov
ed
.
F
o
r
ex
a
m
p
le,
in
ca
se
o
f
n
-b
o
d
y
ca
lcu
la
tio
n
s

w
e
k
n
ow
th
a
t
th
e
p
o
ten
tia
l
b
etw
een
th
e
sa
m
e
p
o
in
t
is
0
a
n
d
th
e
fu
n
ctio
n
is

sy
m
m
etrica
lly.
T
h
erefo
re,
w
e
o
n
ly
n
eed
to
ca
lcu
la
te
n
2�
n
p
o
in
ts
m
a
k
in
g
th
e

a
lg
o
rith
m

a
lm
o
st
tw
ice
a
s
fa
st.
T
h
is
is
d
u
e
to
th
e
red
u
ctio
n
o
f
th
e
ca
lcu
la
tio
n

b
y
th
e
fa
cto
r
o
f
m
o
re
th
a
n
h
a
lf
b
u
t
k
eep
in
g
th
e
co
m
m
u
n
ica
tio
n
tim
e
co
n
sta
n
t.

T
h
e
a
lg
o
rith
m
is
ea
sily
ex
ten
d
a
b
le
in
ca
se
N
is
n
o
t
d
iv
id
ed
b
y
m
w
ith
o
u
t
rest.
In

o
rd
er
to
m
a
in
ta
in
lo
a
d
b
a
la
n
ce
w
e
ju
st
k
eep
tra
ck
th
a
t
ev
ery
p
ro
cesso
r
co
n
ta
in
s

a
p
p
rox
im
a
tely
th
e
sa
m
e
n
u
m
b
er
o
f
p
a
rticles.

7
.3

S
h
o
r
t
R
a
n
g
e
In
te
r
a
c
tio
n
s

T
h
e
N
-b
o
d
y
ca
lcu
la
tio
n
in
tro
d
u
ced
a
b
ov
e
is
co
m
p
u
ta
tio
n
a
lly
v
ery
in
ten
se.
O
n
e

ca
n
red
u
ce
th
e
co
m
p
u
ta
tio
n
a
l
e�
o
rt
w
h
ile
m
a
k
in
g
u
se
o
f
th
e
p
h
y
sica
l
stru
ctu
re

o
f
th
e
p
ro
b
lem
a
n
d
in
tro
d
u
ce
sh
o
rt
ra
n
g
e
in
tera
ctio
n
s.

In
th
is
sectio
n
w
e
co
n
cen
tra
te
o
n
th
e
p
ro
b
lem
w
h
ere
a
n
u
p
d
a
te
o
f
th
e
p
a
rticles,

e.g
.
a
p
o
sitio
n
a
l
ch
a
n
g
e
h
a
s
to
b
e
ca
lcu
la
ted
.
T
h
is
a
lg
o
rith
m

is
ch
a
ra
cterized

b
y
it's
n
eed
p
red
icta
b
le
co
m
m
u
n
ica
tio
n
p
a
ttern
.
T
h
a
t
m
ea
n
s
w
e
k
n
ow
th
a
t
a

co
m
m
u
n
ica
tio
n
p
h
a
se
fo
llow
s
th
e
co
m
p
u
ta
tio
n
p
h
a
se
b
u
t
w
e
d
o
n
o
t
k
n
ow
w
h
ich

d
a
ta
h
a
s
to
b
e
tra
n
sm
itted
to
w
h
ich
p
ro
cesso
r
a
t
co
m
p
ile
tim
e.

A
sim
p
le
b
u
t
n
o
t
n
ecessa
rily
b
est
d
a
ta
d
eco
m
p
o
sitio
n
fo
r
th
is
p
ro
b
lem

is
to

d
iv
id
e
th
e
g
eo
g
ra
p
h
ica
l
reg
io
n
s
ev
en
ly
ov
er
th
e
p
ro
cesso
rs.
B
etter
m
eth
o
d
s
a
re

7
.3
.
S
H
O
R
T
R
A
N
G
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T
E
R
A
C
T
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N
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6
1

fo
r
ex
a
m
p
le
th
e
b
a
rn
es
h
u
t
m
eth
o
d
a
n
d
th
e
in
tro
d
u
ctio
n
o
f
a
p
a
rticle
tree.

H
ere
w
e
in
tro
d
u
ce
th
e
sch
em
e
o
f
th
e
g
eo
m
etrica
l
h
a
sh
in
g
.
W
e
a
ssu
m
e
th
a
t

a
p
a
rticle
ca
n
o
n
ly
m
ov
e
a
m
a
x
im
u
m

d
ista
n
ce
w
h
ich
is
sm
a
ller
th
a
n
th
e
a
rea

cov
ered
b
y
o
n
e
p
ro
cesso
r.
T
h
is
h
a
s
th
e
a
d
va
n
ta
g
e
th
a
t
o
n
ly
n
ea
rest
n
eig
h
b
o
r

p
ro
cesso
r
co
m
m
u
n
ica
tio
n
o
ccu
rs.
D
u
e
to
th
e
a
d
va
n
ced
o
p
era
tio
n
sy
stem

o
f

m
o
st
o
f
th
e
p
a
ra
llel
m
a
ch
in
es
is
is
ea
sy
to
in
tro
d
u
ce
d
ia
g
o
n
a
l
m
ov
es
in
th
e

co
m
m
u
n
ica
tio
n
p
a
ttern
.
M
o
st
p
a
ra
llel
m
a
ch
in
es
a
llow

a
n
a
rb
itra
ry
p
o
in
t
to

p
o
in
t
co
m
m
u
n
ica
tio
n
.
W
ith
th
is
a
d
va
n
ced
o
p
era
tio
n
sy
stem
s
th
e
restrictio
n
o
f

th
e
m
in
im
u
m

d
ista
n
ce
a
p
a
rticle
trav
els
ca
n
b
e
ov
erco
m
e
b
u
t
resu
lts
in
h
ig
h
er

co
m
m
u
n
ica
tio
n
ov
erh
ea
d
o
n
m
o
st
o
f
th
e
ava
ila
b
le
m
a
ch
in
es.

T
h
e
w
ay
o
n
e
ca
n
u
p
d
a
te
th
e
p
a
rticle
m
ov
em
en
t
is
to
sto
re
a
list
w
ith
8
q
u
eu
es
in

th
e
2
d
ca
se
rep
resen
tin
g
th
e
8
d
irectio
n
s.
In
th
is
q
u
eu
es
o
n
e
in
serts
th
e
elem
en
ts

w
h
ich
h
av
e
to
b
e
m
ov
ed
to
a
n
o
th
er
g
eo
g
ra
p
h
ica
l
b
lo
ck
a
n
d
th
erefo
re
p
ro
cesso
r.

A
fter
a
p
a
rticu
la
r
tim
e
th
e
p
a
rticles
a
re
sim
p
ly
sen
d
ov
er
to
th
e
p
ro
cesso
r
w
h
ere

it
sh
o
u
ld
b
e
p
la
ced
.
W
ith
th
e
h
elp
o
f
a
sy
n
ch
ro
n
o
u
s
co
m
m
u
n
ica
tio
n
th
is
co
u
ld
b
e

a
ch
iev
ed
q
u
ite
ea
sily.
In
th
e
receiv
in
g
p
ro
cesso
r
w
e
in
terru
p
t
th
e
ca
lcu
la
tio
n
if

a
m
essa
g
e
a
rriv
es
a
n
in
co
m
in
g
ch
a
n
n
el.
T
h
is
m
essa
g
e/
p
a
rticle
is
th
a
n
in
clu
d
ed

in
th
e
list
o
f
p
a
rticles
o
f
th
is
p
a
rticu
la
r
p
ro
cesso
r.
In
o
rd
er
n
o
t
to
d
estroy
th
e

a
ctu
a
l
ca
lcu
la
tio
n
th
e
p
o
llin
g
o
f
th
e
in
co
m
in
g
m
essa
g
es
is
d
o
n
e
a
fter
a
ca
lcu
la
-

tio
n
is
co
m
p
leted
.
Is
n
o
m
essa
g
e
ava
ila
b
le
th
e
p
ro
cesso
r
ca
n
co
n
tin
u
e
w
ith
its

ca
lcu
la
tio
n
.

G
eo
g
ra
p
h
ica
l
h
a
sh
in
g
co
m
es
in
p
la
ce
w
h
en
th
e
ca
lcu
la
tio
n
is
p
erfo
rm
ed
o
n
o
n
ly

p
a
rt
o
f
th
e
a
rticles
ra
th
er
th
a
n
th
e
co
m
p
lete
d
a
ta
b
a
se
o
f
p
a
rticles
red
u
cin
g

co
m
m
u
n
ica
tio
n
a
n
d
co
m
p
u
ta
tio
n
e�
o
rt
d
ra
stica
lly.

A
ssu
m
e
th
e
w
eig
h
t
o
f
a

p
a
rticle
ta
k
in
g
p
a
rt
o
f
a
ca
lcu
la
tio
n
is
rela
ted
to
its
d
ista
n
ce.
A
ssu
m
e
th
a
t

lo
ca
l
in
tera
ctio
n
s
a
re
fa
r
m
o
re
im
p
o
rta
n
t
th
a
n
lo
n
g
ra
n
g
e
in
tera
ctio
n
s.
In
th
is

ca
se
it
is
im
p
o
rta
n
t
to
co
n
sid
er
o
n
ly
p
a
rticles
in
th
e
lo
ca
l
n
eig
h
b
o
rh
o
o
d
sm
a
ller

th
a
n
a
cu
to
�
d
ista
n
ce.
U
n
d
er
th
e
a
ssu
m
p
tio
n
th
a
t
th
e
cu
to
�
d
ista
n
ce
is
sm
a
ller

th
a
n
th
e
g
eo
g
ra
p
h
ica
l
reg
io
n
a
p
ro
cesso
r
sto
res
o
n
ly
p
a
rticles
in
n
eig
h
b
o
rin
g

p
ro
cesso
rs
h
av
e
to
b
e
co
n
sid
ered
red
u
cin
g
th
e
ca
lcu
la
tio
n
a
n
d
co
m
m
u
n
ica
tio
n

co
st.
T
h
e
co
m
m
u
n
ica
tio
n
fo
r
b
o
rd
er
elem
en
ts
ca
n
b
e
d
o
n
e
in
a
sim
ila
r
w
ay
to

th
e
�
n
ite
d
i�
eren
ce
a
n
d
�
n
ite
elem
en
t
m
eth
o
d
.
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R
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r
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7
.3
.1

Ir
r
e
g
u
la
r
P
r
o
b
le
m
s

In
ca
se
th
e
d
istrib
u
tio
n
o
f
p
a
rticles
o
r
u
n
ev
en
ly
d
istrib
u
ted
co
m
m
u
n
ica
tio
n
ov
er

th
e
p
ro
cesso
rs
th
e
a
lg
o
rith
m

a
b
ov
e
w
o
u
ld
n
o
t
p
erfo
rm

w
ell
b
eca
u
se
o
f
a
h
ig
h

lo
a
d
im
b
a
la
n
ce.
T
h
e
W
a
to
r
p
ro
b
lem

in
tro
d
u
ce
in
[3
1
]
is
a
g
o
o
d
ex
a
m
p
le
o
f

th
is
cla
ss
o
f
p
ro
b
lem
s.
A

g
eo
g
ra
p
h
ica
lly
d
o
m
a
in
d
eco
m
p
o
sitio
n
seem
s
to
b
e

n
o
t
su
ita
b
le.
N
ev
erth
eless
o
n
e
co
u
ld
in
tro
d
u
ce
sm
a
ller
g
eo
g
ra
p
h
ica
lly
b
lo
ck
s
a
s

sh
ow
n
in
th
e
n
ex
t
p
ictu
re
w
h
ere
th
e
n
u
m
b
ers
rep
resen
t
th
e
d
istin
ct
p
ro
cesso
rs.

2
1
2
1
2
1
2

i
n
s
t
e
a
d

o
f

1
1
1
1
2
2
2
2

3
4
3
4
3
4
3
4

1
1
1
1
2
2
2
2

1
2
1
2
1
2
1
2

3
3
3
3
4
4
4
4

3
4
3
4
3
4
3
4

3
3
3
3
4
4
4
4

T
h
is
is
a
fa
irly
ea
sy
d
o
m
a
in
d
eco
m
p
o
sitio
n
,
k
n
ow
n
a
s
sca
ttered
d
eco
m
p
o
sitio
n
.

It
w
o
rk
s
fo
r
th
e
W
a
T
o
R
p
ro
b
lem
.
F
o
r
th
e
N
-b
o
d
y
p
ro
b
lem

th
e
situ
a
tio
n
is
n
o
t

so
sim
p
le
a
n
d
it
is
b
etter
to
d
istrib
u
te
fo
r
ex
a
m
p
le
th
e
lin
k
ed
list
o
f
n
eig
h
b
o
rs

in
a
h
a
sh
o
ct
tree
fa
sh
io
n
a
s
sh
ow
n
b
y
S
.
W
a
rren
in
S
C
9
3
.
T
h
e
id
ea
h
ere
is

�
rst
to
g
en
era
te
a
h
a
sh
tree
a
n
d
th
a
n
d
istrib
u
te
th
e
p
a
rticles
ev
en
ly
o
n
a
rin
g

o
f
p
ro
cesso
rs
u
sin
g
th
e
p
ea
n
o
-h
ilb
ert
o
rd
erin
g
ov
er
th
e
d
o
m
a
in
.

7
.4

T
h
e
S
im
u
la
te
d
A
n
n
e
a
lin
g
A
p
p
r
o
a
c
h

S
im
u
la
ted
A
n
n
ea
lin
g
(S
A
)
is
a
n
o
p
tim
iza
tio
n
tech
n
iq
u
e
sim
u
la
tin
g
a
sto
ch
a
s-

tica
lly
co
n
tro
lled
co
o
lin
g
p
ro
cess[5
0
,
2
7
,
5
3
,
5
4
].
T
h
e
p
rin
cip
les
o
f
sim
u
la
ted

a
n
n
ea
lin
g
a
re
b
a
sed
o
n
sta
tistica
l
m
ech
a
n
ics
w
h
ere
in
tera
ctio
n
s
b
etw
een
a
la
rg
e

n
u
m
b
er
o
f
elem
en
ts
a
re
stu
d
ied
.
O
n
e
fu
n
d
a
m
en
ta
l
q
u
estio
n
in
sta
tistica
l
m
e-

ch
a
n
ics
is
to
stu
d
y
th
e
b
eh
av
io
r
o
f
su
ch
sy
stem
s
a
t
low
tem
p
era
tu
res.
T
o
g
en
-

era
te
su
ch
sta
tes
th
e
sy
stem
is
co
o
led
d
ow
n
slow
ly.

A
s
th
e
n
a
m
e
in
d
ica
tes
S
im

u
la
te
d

A
n
n
e
a
lin
g
sim
u
la
tes
su
ch
a
n
a
n
n
ea
lin
g
p
ro
cess.

T
h
e
p
ro
cess
is
sta
rted
a
t
a
ra
n
d
o
m
sta
te
s.
N
ow
th
e
a
im
is
to
�
n
d
a
co
n
�
g
u
ra
tio
n

t
w
ith
low
er
en
erg
y
o
b
ta
in
ed
b
y
a
ra
n
d
o
m
d
istu
rb
a
n
ce
o
f
th
e
cu
rren
t
sta
te
s.
T
h
e

p
ro
b
a
b
ility
to
g
et
fro
m
o
n
e
sy
stem
co
n
�
g
u
ra
tio
n
in
to
th
e
n
ex
t
ca
n
b
e
d
escrib
ed

b
y
a
p
ro
b
a
b
ility
m
a
trix
(a
s
t )
w
h
ere
a
s
t

sp
eci�
es
th
e
p
ro
b
a
b
ility
to
g
et
fro
m

co
n
�
g
u
ra
tio
n
s
to
a
n
e
ig
h
b
o
r
co
n
�
g
u
ra
tio
n
t.
T
h
is
p
ro
b
a
b
ility
m
a
trix
is
ch
o
sen

Irreg
u
la
r
P
ro
b
lem
s
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6
3

sy
m
m
etrica
lly.
Is

E
(t)�
E
(s)
<
0
;

th
e
n
ew
co
n
�
g
u
ra
tio
n
is
a
ccep
ted
,
sin
ce
it
h
a
s
a
low
er
en
erg
y.
Is
th
e
en
erg
y
o
f
th
e

n
ew
co
n
�
g
u
ra
tio
n
t
h
ig
h
er,
th
a
n
it
is
a
ccep
ted
w
ith
th
e
p
ro
b
a
b
ility
p
ro
p
o
rtio
n
a
l

to

e
E
(
t
)
�

E
(
s
)

T

:

T
h
e
a
ccep
ta
n
ce
o
f
th
e
co
n
�
g
u
ra
tio
n
w
ith
th
e
h
ig
h
er
en
erg
y
is
n
ecessa
ry
to
a
llow

ju
m
p
s
o
u
t
o
f
lo
ca
l
m
in
im
a
l
co
n
�
g
u
ra
tio
n
s.
T
h
is
p
ro
cess
is
rep
ea
ted
a
s
lo
n
g
a
s

a
n
im
p
rov
em
en
t
is
lik
ely.
T
h
e
ch
o
ice
o
f
th
e
tem
p
era
tu
re
p
a
ra
m
eter
is
g
iv
en
b
y

a
co
o
lin
g
p
la
n
su
ch
th
a
t

T
1
�
T
2
�
:::;
su
ch
th
a
t

lim
k
!

1

T
k
=
0

T
h
is
lea
d
s
to
th
e
g
en
eric
sim
u
la
ted
a
n
n
ea
lin
g
a
lg
o
rith
m

sh
ow
n
in
F
ig
u
re
7
.3
.

7
.4
.1

S
A

a
n
d
G
P
P

A
s
ex
a
m
p
le
w
e
u
se
th
e
G
ra
p
h
P
a
rtitio
n
in
g
P
ro
b
lem
a
s
in
tro
d
u
ced
in
[7
5
,
5
1
,
5
2
].

F
o
r
th
e
g
ra
p
h
p
a
rtitio
n
in
g
p
ro
b
lem
o
n
e
ca
n
�
n
d
th
e
fo
llow
in
g
a
n
a
lo
g
ies
b
etw
een

th
e
p
h
y
sica
l
sy
stem
:

p
h
y
sica
l
sy
stem

S
A
-G
P
P

sta
te

fea
sib
le
p
a
rtitio
n

en
erg
y

co
st
o
f
th
e
so
lu
tio
n

g
ro
u
n
d
sta
te

o
p
tim
a
l
so
lu
tio
n

G
r
a
p
h
P
a
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Figure 7.4: Example of a partition

c(V1; V2) = jffu; vg 2 E : u 2 V1 and v 2 V2gj+ �(jV1j � jV2j)2

where jAj is the number of elements in the set A and � controls the importance

of the imbalance of the solution. The higher � the more important is the equal

balance of the partitions in the cost function.

Using the cost function as given in equation (7.4.1) one can obtain solutions to

problem instances by an annealing process. The de�nition of the probability

matrix (ast) can be chosen as follows:

� A partition t is neighbor to a partition s i� s can be obtained by moving

one node of a subset to the other.

� The probability of the neighbor states to a partition s are the same.

7.4.2 Parameter scheduling for the Simulated annealing

algorithm

Instead of using the generic simulated annealing algorithm we use the algorithm

displayed in Figure 7.5. This is motivated by the following reasons:

1. It is easier to de�ne a cooling scheme.

Parameter scheduling for the Simulated annealing algorithm
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2. Many studies published use this scheme which makes comparison more

easy.
PROC Simulated Annealing

BEGIN SEQUENTIAL

T  T0

generate a starting solution s

WHILE (NOT frozen) DO

DO i 1; L� Number of Nodes

generate a new solution t in the

neighborhood of s

(swap one node to the other part)

�E  E(t) � E(s)

IF �E < 0 THEN

s  t

ELSEIF e
�

�E
Tk < random [0; 1] THEN

s  t

END IF

time  time + 1

END DO

T  k � T

END WHILE

END SEQUENTIAL

END PROC

Figure 7.5: Simulated Annealing Algorithm used for the Experiments

The simulated annealing algorithm 7.5 is controlled by the parameters L; k; alpha.

The variation of this parameter has a large inuence on the solution quality as

shown in the paper by Johnson. We were able to reproduce the results and show

some of them in [75]

Acceptance Frequency The acceptance frequency speci�es how frequent a

change in the solution during a timeinterval of the annealing process occurred.

The frequency is calculated over all trials in the inner loop of the interval length

L.
This acceptance frequency is important since it helps to estimate when an im-

provement of the solution will be unlikely while continuing the annealing pro-

Parameter scheduling for the Simulated annealing algorithm
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2. requests to the same processor might be possible causing a high volume of

messages to one processor. This could be avoided by introducing around

robin processor selecting scheme preferring communication between pro-

cessors which contain neighbors.

It is out of the scope of this paper to go too much into details. We refer here

to the many papers available on parallel simulated annealing algorithms and to

[31] where an algorithm for the TSP on a Hypercube architecture is introduced.

Besides parallel implementations of the Simulated Annealing [66, 12, 14, 39, 49,

80] algorithm other parallel implementations exists for the Graph partitioning

problem, for example [62, 35, 36, 22]

7.5 Matrix Algorithms

7.5.1 Matrix Multiplication

Many scienti�c problems are based on matrix operations [38, 64, 67]. One very

important operation is the matrix multiplication. We introduce here a parallel

algorithm for the matrix multiplication. The algorithm introduced here will

need more data movement than the other algorithms described in this report.

First, the matrix is decomposed in parts which will be distributed on the di�er-

ent processors. For simplicity we assume that the number of processors is p and

that the number of rows and columns are equal. One way to decompose this

problem is to choose rectangular decompositions as shown in Figure 7.6. The

algorithm consists of four steps. Assume n is the number of columns and m x

m are the number of processors. The processors are arranged in a grid or torus.

1. Communicate the diagonal subblocks to all processors in horizontal direc-

tion.

2. The subblocks from the last step are multiplied with the appropriate blocks

of B stored at this processor and added to the matrix C.

3. The subblocks B are shifted up in the processor grid.

4. The subblocks of A which are to the right of the subblocks A transferred

in the �rst step are broadcasted in the rows. Goto Step 2.

7.5. MATRIX ALGORITHMS
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=C A B

Step 1

Step 2

Step 3

Step 4

Figure 7.6: Steps of the parallel Matrix multiplication

This is done M times. At the end of the calculation the Matrix C is computed.

Complexity Analysis

The complexity analysis is naturally dependent on the machine used because

the broadcast routine might be of di�erent order. We assume in the current

analysis that a machine is used with point to point communication and a network

topology of a torus.

The time for the broadcast in one row would be of the order

(N=M )2tcomm � (M � 1)

The time for performing the calculation on a subblock is

2(N=M )2tcalc

Matrix Multiplication
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such machines. The use of blocked algorithms is one of the most e�cient ways

to improve the performance of numerical algorithms on distributed memory

machines[78, 60, 61, 78].

Parallel Computational Model

To de�ne a parallel algorithm for solving a system of linear equations it is neces-

sary to de�ne the computational model on which the implementation is based.

A study on shared memory MIMD machines using blocked based algorithms

for LU factorization can be found in [61]. The results presented in this paper

concentrate on distributed memory MIMD machines. These machines have a

natural bound on the number of available processors. At a time, each processor

can execute di�erent instructions in parallel on di�erent data. Message passing

allows interprocessor communication. In order to incorporate a wide variety of

architectures, the communication relation between the processors is based on a

unidirectional ring.

P
1

P
2

P
3

m
t

Figure 7.7: Parallel computing modell

Now it is clear that an e�cient implementation has to �nd the trade o� be-

tween communication time and computation time. If the algorithm sends too

many messages and computes too less, the communication time dominates the

computation time. Furthermore, we assume that the memory capacity of each

processing element is restricted.

Basic Linear Algebra Subprograms

Usage of vector and matrix operations are common in many applications which

are not provided by a programming language like Fortran77. Hence, it is de-

Message Passing Algorithm
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sirable to have a library supporting such a class of routines. The Basic Linear

Algebra Subprograms (BLAS) provide such routines [24]. Di�erent levels of

BLAS are distinguished by the amount of data used for an operation and its

arithmetic complexity. Computations on vectors of order n can be found in level

1 BLAS. Level 2 BLAS provides matrix-vector computations of order n2, and

level 3 BLAS provides matrix-matrix computations of order n3.

Looking at the computational e�ort of the BLAS routines it is clear that the

ratio between oating point operations and memory accesses for level 1 and 2

BLAS is not as good as for level 3 BLAS routines. Therefore, it is obvious

that the strategy is to maximize the use of level 3 BLAS. The presented algo-

rithms use some subroutines from BLAS of level 3, like GEMM for the matrix

multiplication and TRSM for solving a triangular system.

Noblock algorithm

Now, a necessary basis has been established to formulate the factorization algo-

rithms. A fast noblock factorization algorithm forms the building block for the

blocked algorithms. The noblock algorithms are distinguished by the order of

loops in which the factorization is done. The suitable loop orders for the column

oriented FORTRAN are jik, kji, and jki. For example, the abbreviation jik

points out that j is the loop index for the outermost loop and k for the inner

most loop [25].

do ||||

do |||| where i; j; k are the loop indices

do ||||

aij  aij �
aik � akj

akk

end do

end do

end do

Figure 7.8: Gaussian Elimination Algorithm

Since the number of memory touches for the kji noblock algorithm is twice as

high as for the jki-noblock and the jik-noblock algorithm, the running time

Message Passing Algorithm
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o
d
e
h
a
s
a
th
eo
retica
l
p
ea
k
p
erfo
rm
a
n
ce
o
f
8
0

M
F
L
O
P
S
fo
r
sin
g
le
p
recisio
n
.
C
o
m
m
u
n
ica
tio
n
is
su
p
p
o
rted
b
y
d
irect-co
n
n
ect

m
o
d
u
les
p
resen
t
a
t
ea
ch
n
o
d
e.

P
IC
L
[3
3
]
(P
o
rta
b
le
In
stru
m
en
ted
C
o
m
m
u
n
ica
tio
n
L
ib
ra
ry
)
w
a
s
u
sed
in
th
e

p
resen
ted
im
p
lem
en
ta
tio
n
s
a
n
d
p
rov
id
ed
a
sim
p
le
a
n
d
p
o
rta
b
le
co
m
m
u
n
ica
tio
n

stru
ctu
re.
S
o
m
e
o
f
th
e
a
lg
o
rith
m
s
u
sed
th
e
B
a
sic
L
in
ea
r
A
lg
eb
ra
C
o
m
m
u
n
ica
-

tio
n
S
u
b
p
ro
g
ra
m
lib
ra
ry
fo
r
d
a
ta
m
ov
em
en
t
b
etw
een
th
e
p
ro
cesso
rs
(B
L
A
C
S
)[1
1
].

B
L
A
C
S
is
a
p
a
rt
o
f
th
e
e�
o
rt
to
im
p
lem
en
t
L
A
P
A
C
K
o
n
d
istrib
u
ted
m
em
o
ry

M
IM
D
a
rch
itectu
res.
T
h
e
m
a
trices
u
sed
in
th
e
ex
p
erim
en
ts
w
ere
d
en
se
m
a
trices

w
h
ere
ea
ch
m
a
trix
elem
en
t
w
a
s
a
ra
n
d
o
m
ly
g
en
era
ted
rea
l
n
u
m
b
er
b
etw
een
0

a
n
d
1
.

In
o
rd
er
to
co
m
p
a
re
th
e
p
a
ra
llel
im
p
lem
en
ta
tio
n
s
o
f
th
e
th
ree
fa
cto
riza
tio
n
a
l-

g
o
rith
m
s
w
e
�
rst
co
m
p
a
red
th
e
p
erfo
rm
a
n
ce
a
ch
iev
ed
fo
r
a
co
n
sta
n
t
m
a
trix

size
w
ith
d
i�
eren
t
b
lo
ck
sizes
a
n
d
o
n
d
i�
eren
t
n
u
m
b
ers
o
f
p
ro
cesso
rs.
T
h
e
p
a
r-

a
llel
G
A
X
P
Y
a
lg
o
rith
m

p
erfo
rm
s
b
etter
th
a
n
th
e
o
th
er
tw
o
a
lg
o
rith
m
s
fo
r
a

sm
a
ller
n
u
m
b
er
o
f
p
ro
cesso
rs.
M
a
x
im
a
l
p
erfo
rm
a
n
ce
is
a
ch
iev
ed
b
y
th
e
p
a
ra
llel

G
A
X
P
Y
a
lg
o
rith
m

o
n
1
6
p
ro
cesso
rs
w
ith
a
b
lo
ck
size
o
f
8
.
T
h
e
p
erfo
rm
a
n
ce
o
f

th
e
S
A
X
P
Y
a
lg
o
rith
m

is
clo
se
to
th
e
G
A
X
P
Y
a
lg
o
rith
m

a
n
d
a
ch
iev
es
th
e
b
est

p
erfo
rm
a
n
ce
fo
r
b
lo
ck
sizes
in
th
e
ra
n
g
e
8
�
4
.
T
h
e
S
D
O
T
a
lg
o
rith
m

a
ch
iev
es

v
ery
little
im
p
rov
em
en
t
ov
er
th
e
n
o
b
lo
ck
a
lg
o
rith
m
s
b
eca
u
se
o
f
its
d
a
ta
d
ep
en
-

d
en
cies
a
s
d
escrib
ed
ea
rlier.

T
h
e
p
erfo
rm
a
n
ce
o
b
ta
in
ed
fo
r
v
ery
sm
a
ll
b
lo
ck
sizes
is
low
fo
r
a
ll
th
ree
a
lg
o
-

rith
m
s.
A
lth
o
u
g
h
sm
a
ll
b
lo
ck
sizes
p
rov
id
e
b
etter
lo
a
d
b
a
la
n
cin
g
,
th
is
a
d
va
n
ta
g
e

M
essa
g
e
P
a
ssin
g
A
lg
o
rith
m

T
e
c
h
n
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a
l
R
e
p
o
r
t
:

S
C
C
S

5
7
7

C
H
A
P
T
E
R
7
.
A
P
P
L
IC
A
T
IO
N
S

7
8

is
o
�
set
b
y
th
e
in
crea
sed
co
m
m
u
n
ica
tio
n
ov
erh
ea
d
s
b
etw
een
th
e
p
ro
cesso
rs
a
n
d

th
e
d
ecrea
se
in
th
e
a
m
o
u
n
t
o
f
co
m
p
u
ta
tio
n
a
t
ea
ch
p
ro
cesso
r.
V
ery
la
rg
e
b
lo
ck

sizes
o
n
th
e
o
th
er
h
a
n
d
,
lea
d
to
low
co
m
m
u
n
ica
tio
n
ov
erh
ea
d
s
b
u
t
p
o
o
r
lo
a
d

b
a
la
n
cin
g
.
T
h
is
lea
d
s
to
a
fa
ll
in
p
erfo
rm
a
n
ce
fo
r
th
e
p
a
ra
llel
G
A
X
P
Y
a
n
d

S
A
X
P
Y
a
lg
o
rith
m
s
a
s
th
e
b
lo
ck
size
in
crea
ses.
T
h
is
o
b
serva
tio
n
h
ow
ev
er,
d
o
es

n
o
t
h
o
ld
fo
r
th
e
p
a
ra
llel
S
D
O
T
a
lg
o
rith
m

w
h
ich
sh
ow
s
a
slig
h
t
im
p
rov
em
en
t
in

p
erfo
rm
a
n
ce
fo
r
v
ery
la
rg
e
b
lo
ck
sizes.
T
h
e
rea
so
n
fo
r
th
is
is
th
a
t
la
rg
e
b
lo
ck

sizes
im
p
ly
sm
a
ller
n
u
m
b
er
o
f
resh
a
p
es
w
h
ich
m
ea
n
s
a
sm
a
ller
p
en
a
lty
is
p
a
id

b
y
th
e
S
D
O
T
a
lg
o
rith
m
.

A
n
a
b
so
lu
te
p
ea
k
p
erfo
rm
a
n
ce
o
f
a
b
o
u
t
2
6
M
F
L
O
P
S
/
P
ro
cesso
r
is
a
ch
iev
ed
b
y

th
e
p
a
ra
llel
S
A
X
P
Y
a
lg
o
rith
m

fo
r
a
1
5
3
6
�
1
5
3
6
m
a
trix
w
ith
�
eq
u
a
l
to
1
2
a
n
d

o
n
4
p
ro
cesso
rs.
It
sh
ow
s
th
a
t
th
e
o
p
tim
a
l
n
u
m
b
er
o
f
p
ro
cesso
rs
is
p
ro
b
lem

d
ep
en
d
en
t.

C
o
n
c
lu
s
io
n

T
h
is
sectio
n
d
escrib
es
m
eth
o
d
s
fo
r
b
lo
ck
ed
L
U

fa
cto
riza
tio
n
o
n
d
istrib
u
ted
m
em
-

o
ry
M
IM
D
a
rch
itectu
res.
T
h
ese
m
eth
o
d
s
a
re
a
lso
a
p
p
lica
b
le
o
n
sh
a
red
m
em
o
ry

p
a
ra
llel
v
ecto
r
co
m
p
u
ters
[6
1
].
O
u
r
n
u
m
erica
l
resu
lts
a
n
d
p
erfo
rm
a
n
ce
co
m
p
a
r-

iso
n
s
sh
ow
th
e
fo
llow
in
g
:

�
T
h
e
d
a
ta
d
ep
en
d
en
cies
in
h
eren
t
in
th
e
p
a
ra
llel
S
A
X
P
Y
a
lg
o
rith
m
a
re
m
o
st

su
ited
fo
r
d
istrib
u
ted
m
em
o
ry
M
IM
D
a
rch
itectu
res.
N
o
resh
a
p
in
g
o
f
th
e

m
a
trix
is
n
ecessa
ry
sin
ce
o
n
ly
a
sm
a
ll
p
o
rtio
n
o
f
th
e
fa
cto
rized
m
a
trix
h
a
s

to
b
e
sto
red
in
ea
ch
p
ro
cesso
r.

A
fu
rth
er
o
b
serva
tio
n
fro
m

o
u
r
ex
p
erim
en
ta
tio
n
w
ith
L
U

fa
cto
riza
tio
n
is
th
a
t

th
e
b
est
p
erfo
rm
a
n
ce
is
a
ch
iev
ed
a
t
b
lo
ck
sizes
w
h
ere
th
e
co
m
p
u
ta
tio
n
a
t
ea
ch

n
o
d
e
o
u
tw
eig
h
s
th
e
tra
d
eo
�
b
etw
een
h
ig
h
lo
a
d
b
a
la
n
cin
g
(sm
a
ll
b
lo
ck
sizes)

a
n
d
low
co
m
m
u
n
ica
tio
n
ov
erh
ea
d
(la
rg
e
b
lo
ck
sizes).
T
h
is
o
p
tim
a
l
b
lo
ck
size

is
d
ep
en
d
en
t
o
n
th
e
a
lg
o
rith
m

u
sed
,
th
e
size
o
f
th
e
m
a
trix
a
n
d
th
e
n
u
m
b
er
o
f

p
ro
cesso
rs
ava
ila
b
le
[7
8
].
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:
S
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a
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e
d
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r
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e
p
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A
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P
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a
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o
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T
e
c
h
n
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a
l
R
e
p
o
r
t
:

S
C
C
S
5
7
7

C
H
A
P
T
E
R
7
.
A
P
P
L
IC
A
T
IO
N
S

8
1

7
.6
.2

D
a
ta
P
a
r
a
lle
l
A
lg
o
r
ith
m

G
a
u
�
-J
o
r
d
a
n
A
lg
o
r
ith
m

T
h
e
w
ell
k
n
ow
n
G
a
u
�
-J
o
rd
a
n
a
lg
o
rith
m
is
a
stra
ig
h
t
fo
rw
a
rd
m
eth
o
d
to
�
n
d
th
e

so
lu
tio
n
o
f
a
sy
stem

o
f
lin
ea
r
eq
u
a
tio
n
s.
M
u
ltip
les
o
f
th
e
eq
u
a
tio
n
s
a
re
a
d
d
ed

in
su
ch
a
w
ay
th
a
t
th
e
resu
ltin
g
sy
stem
h
a
s
th
e
fo
rm
o
f
a
tria
n
g
u
la
r:

L
et
A
b
e
n
o
n
sin
g
u
la
r
a
n
d
a
i;n
+
1
=
b
i .

d
o
j=
1
,n

d
o
i=
1
,m

d
o
k
=
j,n
+
1

if
(i
6=
j)
th
en

a
ik

=

a
ik

�
(a
ij =
a
j
j )a
j
k

en
d
if

en
d
d
o

en
d
d
o

en
d
d
o

d
o
i=
1
,m

x
i

=

a
i;n
+
1 =
a
ii

en
d
d
o

O
n
a
S
IM
D
co
m
p
u
ter
lik
e
th
e
C
o
n
n
ectio
n
M
a
ch
in
e
th
is
a
lg
o
rith
m

ca
n
b
e
p
a
r-

a
llelized
ea
sily
b
y
ex
ecu
tin
g
th
e
lo
o
p
s
fo
r
i
a
n
d
k
in
p
a
ra
llel.

d
o
j=
1
,n

d
o
i=
1
,m
;
k
=
j,n
+
1
in
p
a
ra
llel

if
(i
6=
j)
th
en

a
ik

=

a
ik

�
(a
ij =
a
j
j )a
j
k

en
d
if

en
d
d
o
in
p
a
ra
llel

en
d
d
o

d
o
i=
1
,m
in
p
a
ra
llel

x
i

=

a
i;n
+
1 =
a
ii

en
d
d
o
in
p
a
ra
llel

D
a
ta
P
a
ra
llel
A
lg
o
rith
m

T
e
c
h
n
ic
a
l
R
e
p
o
r
t
:

S
C
C
S

5
7
7

C
H
A
P
T
E
R
7
.
A
P
P
L
IC
A
T
IO
N
S

8
2

C
o
m
p
le
x
ity

T
h
e
co
m
p
lex
ity
o
f
th
e
seq
u
en
tia
l
a
lg
o
rith
m

is
O
(n
3).
In
th
e
p
a
ra
llel
a
lg
o
rith
m

th
e
in
n
er
lo
o
p
s
fo
r
i
a
n
d
k
ca
n
b
e
p
a
ra
llelized
sin
ce
n
o
d
a
ta
-d
ep
en
d
en
cy
ex
ists.

T
h
erefo
re,
n
step
s
a
re
n
ecessa
ry
to
co
m
p
u
te
th
e
o
u
term
o
st.
T
o
co
m
p
u
te
th
e

resu
lt
a
n
a
d
d
itio
n
a
l
step
is
n
eed
ed
to
p
erfo
rm
th
e
la
st
p
a
ra
llel
lo
o
p
.
T
h
erefo
re,

O
(n
)
tim
e
step
s
a
re
n
eed
ed
to
p
erfo
rm

th
e
G
a
u
�
-J
o
rd
a
n
a
lg
o
rith
m

o
n
n
2
+

n
p
ro
cesso
rs.
S
in
ce
t(n
)
=

O
(n
)
a
n
d
p
(n
)
=

O
(n
2)
th
e
co
st
o
f
th
e
p
a
ra
llel

a
lg
o
rith
m

is
c(n
)
=
t(n
)p
(n
)
=
O
(n
3).

A
lg
o
rith
m

P
ro
cesso
rs

T
im
e

C
o
st

p
(n
)

t(n
)

c(n
)

G
a
u
�
(seq
.)

1

O
(n
3
)

O
(n
3
)

G
a
u
�
(p
a
r.)

O
(n
2)

O
(n
)

O
(n
3
)

In
th
e
ta
b
le
th
e
co
st
is
d
e�
n
ed
a
s
sp
a
ce
tim
es
tim
e
co
st.

G
a
u
s
s
ia
n
E
lim
in
a
tio
n
o
n
th
e
c
o
n
n
e
c
tio
n
m
a
c
h
in
e

O
n
th
e
co
n
n
ectio
n
m
a
ch
in
e
th
e
G
a
u
ssia
n
elim
in
a
tio
n
ca
n
b
e
ea
sily
fo
rm
u
la
ted

u
sin
g
th
e
S
P
R
E
A
D
co
m
m
a
n
d
.
T
h
e
S
P
R
E
A
D
co
m
m
a
n
d
h
a
s
th
e
fo
llow
in
g
p
a
-

ra
m
eters:

S
P
R
E
A
D
(so
u
rce,
d
im
en
sio
n
,
n
co
p
ies)

T
h
e
co
m
m
a
n
d
S
P
R
E
A
D
ta
k
es
a
so
u
rce
a
rray
a
n
d
crea
tes
a
n
ew
a
rray
w
ith
a
n

a
d
d
itio
n
a
l
d
im
en
sio
n
.
It
co
p
ies
th
a
n
th
e
a
rray
n
co
p
ies
tim
es
a
lo
n
g
th
e
sp
eci�
ed

d
im
en
sio
n
.

A
=
[5
,
3
,
7
,
4
]

T
h
en
,B

=
S
P
R
E
A
D
(A
,
d
im
=
1
,
n
co
p
ies=
3
)

resu
lts
in
to

B

=

[5
,
3
,
7
,
4
]

D
a
ta
P
a
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llel
A
lg
o
rith
m
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e
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G
a
u
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n
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a
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n
o
n
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e
C
o
n
n
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n
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a
ch
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e
u
sin
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C
M
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o
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n
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d
o
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1
,n
-1

C
=
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/
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(i,i)

C
(1
:i)
=
0

A
=
A
-
S
P
R
E
A
D
(C
,
2
,
n
+
1
)
*
S
P
R
E
A
D
(A
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,N
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en
d
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7
.7

S
o
lv
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g
P
a
r
tia
l
D
i�
e
r
e
n
tia
l
E
q
u
a
tio
n
s

7
.7
.1

F
in
ite
E
le
m
e
n
t
M
e
th
o
d

T
h
e
�
n
ite
elem
en
t
m
eth
o
d
so
lv
es
a
p
a
rtia
l
d
i�
eren
tia
l
eq
u
a
tio
n
b
y
rep
la
cin
g

co
n
tin
u
o
u
s
fu
n
ctio
n
s
b
y
p
iecew
ise
a
p
p
rox
im
a
tio
n
s.
T
h
ese
a
p
p
rox
im
a
tio
n
s
a
re

d
e�
n
ed
a
s
p
o
ly
g
o
n
s
referred
a
s
elem
en
ts.
M
o
st
co
m
m
o
n
a
re
p
o
ly
n
o
m
ia
l
a
p
p
rox
-

im
a
tio
n
s.
T
h
e
p
ro
b
lem

is
th
a
n
red
u
ced
to
th
e
p
ro
b
lem

to
�
n
d
so
lu
tio
n
s
a
t
th
e

v
ertices
o
f
th
e
p
o
ly
g
o
n
s
in
stea
d
o
f
th
e
w
h
o
le
sp
a
ce.
T
h
is
ca
n
b
e
d
o
n
e
b
y
eith
er

G
a
u
ssia
n
elim
in
a
tio
n
,
co
n
ju
g
a
n
t
g
ra
d
ien
t
o
r
m
u
ltig
rid
m
eth
o
d
s.

7
.7
.2

F
in
ite
D
i�
e
r
e
n
c
e
M
e
th
o
d

T
h
e
�
n
ite
d
i�
eren
ce
m
eth
o
d
so
lv
es
a
p
a
rtia
l
d
i�
eren
tia
l
eq
u
a
tio
n
o
n
a
d
iscrete

g
rid
.
T
h
e
d
eriva
tiv
es
a
re
a
p
p
rox
im
a
ted
b
y
th
e
d
i�
eren
ce
b
etw
een
th
e
tw
o
g
rid

p
o
in
ts
d
iv
id
ed
b
y
th
e
sep
a
ra
tio
n
.

7
.8

L
a
p
la
c
e
E
q
u
a
tio
n

T
h
e
L
a
p
la
cia
n
eq
u
a
tio
n
is
d
escrib
ed
a
s
fo
llow
s:

r
2u
=
@
2u

@
x
2
+
@
2u

@
y
2

=
0

A
n
ex
a
m
p
le
fo
r
th
e
a
p
p
lica
tio
n
fo
r
th
e
L
a
p
la
ce
eq
u
a
tio
n
is
�
n
d
in
g
stea
d
y
sta
te

v
o
lta
g
e
p
o
in
ts
in
a
2
d
im
en
sio
n
a
l
a
rea
.

7
.8
.1

J
a
c
o
b
i
ite
r
a
tio
n

T
h
e
J
a
co
b
i
itera
tio
n
sch
em
e
ea
ch
tria
l
so
lu
tio
n
is
u
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p
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it
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b
a
sic
term
a
s
u
sed
in
th
e
J
a
co
b
i
itera
tio
n
.
th
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c
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c
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c
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w
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b
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p
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b
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p
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p
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/
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u
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h
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p
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printf("please wait transfer picture"); printf(newline);

with(PICTURE)f

x = pcoord(0); /* assign to each processor a x,y coordinate*/

y = pcoord(1);

dof
cnvg-test = 0;

/* from-grid-dim corresponds to mpshift */

/* the parameters given bellow explain the ussage */

/* mpshift(array,shift,dim) = from-grid-dim(c,null,dim-1,shift) */

/* processors at the boundaries do not participate in

certain shift operations

*/
c-old = c;

where (y >= 0)

up = from-grid-dim (&c, null, 0, -1);

where (y < ysize-1)

down = from-grid-dim (&c, null, 0, 1);

where (x < xsize-1)

right= from-grid-dim (&c, null, 1, 1);

where (x >= 0)

left = from-grid-dim (&c, null, 1, -1);

/* the convergence test should only be done one the interior

points since the boundary values should be �xed */

where (x >= 0) and (x < xsize-1)f

and (y >= 0) and (y < ysize-1)

c = (up + down + left + right) / 4.0 ;

convg-test = amax2(conv-test, abs (c-old - c));

/* the function amax2can be simulated by

convg-test >?= abs(c-old -c);

*/
g

g until (convg-test <= convg);

WriteImage(time);

g

Data Parallel Program
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printf("Press return to continue"); printf(newline);

gets (user-input);

g
7.8.4 Message Passing Program

The message passing program is slightly more complicated. Looking at the

formulation of the problem the procedure mpshift de�nes a high level message

passing send and receive routine. Usually these routines have to be used in a

low level fashioned way. Here syncronization is assumed to be done with the

help of the mpshift routine. As a result the asynchronous and synchronous

communication between the processors is hidden for the user of the mpshift

routine.

Processor Boundary
n nodal points 

4-stencil
(0,0) 

(1,0)

(0,3) (3,3)

nrows

nc
ol

um
ns

16 = r*cnproc=

Figure 7.13: Decomposition. Example with 16 nodal points and 16 processors.

Figure 7.13 shows the decomposition of the program onto a grid of processing

elements. Assume that each processor has a processor id of the form

Message Passing Program
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Processor Boundary

n nodal points 

4-stencil

2-stencila)

b)

Figure 7.14: One dimensional case

fc =
4tcomm

5ntcalc
=
0:80tcomm

ntcalc

(7.4)

Two Dimensional Case

Four-stencil

Let n denote the number of nodal points stored in each processor. Than in each

step of the Jacobi update the following equation is calculated:

�
(k)

i =
1

4
(�
(k�1)

i�x + �
(k�1)

i+x + �
(k�1)

i�y + �
(k�1)

i+y ) (7.5)

the equation uses 3 additions and 1 multiplication, resulting in 4 oating point

operations. The number of boundary elements is 4
p

n. Therefore, 4
p

n elements

have to be updated to complete the calculation. The Figure 7.15 a) illustrates

the relation graphically. Thus, the communication overhead is given by

fc =
4
p

ntcomm

4ntcalc

=

tcommp
ntcalc

(7.6)
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Eight-stencil(distance 2)

Let n denote the number of nodal points stored in each processor. Than in each

step of the Jacobi update the following equation is calculated:

�
(k)

i =

1
60
(16(�
(k�1)

i�x +�
(k�1)

i+x +�
(k�1)

i�y +�
(k�1)

i+y )��(k�1)i�2x ��
(k�1)

i+2x ��
(k�1)

i�2y ��
(k�1)

i+2y )

(7.7)

The equation uses 3 additions, 4 subtractions and 2 multiplications, result-

ing in 9 oating point operations. The number of boundary elements is 8
p

n.

Therefore, 8
p

n elements have to be updated to complete the calculation. The

Figure7.15 b) illustrates the relation graphically.

Thus, the communication overhead is given by

fc =
8
p

ntcomm

9ntcalc

=
0:89tcommp

ntcalc

(7.8)

Eight-stencil (distance 1)

Let n denote the number of nodal points stored in each processor. Than in each

step of the Jacobi update the following equation is calculated:

�
(k)

i = A(�
(k�1)

i�x +�
(k�1)

i+x +�
(k�1)

i�y +�
(k�1)

i+y +�
(k�1)

i�x�y+�
(k�1)

i�x+y+�
(k�1)

i+x�y+�
(k�1)

i+x+y)

(7.9)

The equation uses 7 additions and 1 multiplications, resulting in 8 oating point

operations. The number of boundary elements is 4
p

n+4. Therefore, 4(
p

n+1)

elements have to be updated to complete the calculation. The Figure7.15 c)

illustrates the relation graphically.

Thus, the communication overhead is given by

fc =
4(
p

n+ 1)tcomm

8ntcalc

(7.10)

For large n this leads to

fc ==
0:5tcommp

ntcalc

(7.11)
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a)

b)

Processor Boundary

n nodal points 

Processor Boundary

n nodal points 

Example n = 16

Processor Boundary

n nodal points 

n

c) 8stencil(distance 1)

4-stencil

8-stencil(distance-2)

Figure 7.15: One dimensional case

3-dimensional Case

In a similar way the results for the three dimensional case can be obtained.

6-stencil

Let n = a3 denote the number of nodal points stored in each processor. Than

in each step of the Jacobi update the following equation is calculated:

�
(k)

i = A(�
(k�1)

i�x + �
(k�1)

i+x + �
(k�1)

i�y + �
(k�1)

i+y + �
(k�1)

i�z + �
(k�1)

i+z ) (7.12)

where A is a constant. The equation uses 5 additions and 1 multiplication,
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resulting in 6 oating point operations. The number of boundary elements is

6a2. Therefore, 6a2 elements have to be updated to complete the calculation.

The Figure 7.16 a) illustrates the relation graphically. Thus, the communication

overhead is given by

fc =
6a2tcomm

6ntcalc

=
tcomm

atcalc

(7.13)

6 Stencil

12 Stencil

26 Stencil

The communication neighbors
for 8 local nodal points in the processor

one block is a nodal pointFigure 7.16: One dimensional case

Twelve-stencil

Let n=a*a*a denote the number of nodal points stored in each processor. Than

in each step of the Jacobi update the following equation is calculated:
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